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Abstract. Modified universal il-matrices, associated with the central ex- 
tension (through the Drinfeld's double construction) of the quantum groups 
U q (s[|\i), are realized through an infinite dimensional spectral parameter de- 
pendent solution for the tetrahedron equation, provided a certain identity on 
(/-exponentials holds true. 



1. Introduction and notation 

The (quantum) Yang-Baxter equation (YBE) |25[ [l| is well known to play the 
fundamental role in constructing and solving integrable models of two-dimensional 
statistical physics and quantum field theory [To). The tetrahedron equation 
(TE)p^] has been introduced as a three-dimensional analogue of the YBE. One 
of the features of the TE is the possibility to construct from one solution of it an 
infinite sequence of solutions of the YBE. This means that one integrable three- 
dimensional lattice model combines an infinite family of integrable two-dimensional 
models. A notable example is the Zamolodchikov-Baxter-Bazhanov (ZBB) three- 
dimensional lattice model [^6[ [| flj: on a cubic lattice, with one direction being 
periodic of finite length N, this model is equivalent to the two-dimensional s[n 
chiral Potts model ||. The field theoretical counterpart of the ZBB model is the 
three-dimensional bilinear Hirota equation jl3| which, being considered on a lattice 
periodic in one direction with period N, can be interpreted as a discrete version 
of the affine s[|\i Toda field theory. The quantum theory of this system has been 
developed in jfl], [l2| and in || for the case N = 2, and subsequently in for any 
N. Thus, the TE can be a powerful unifying tool for different integrable models in 
two dimensions. 

In || few nontrivial examples of formal infinite dimensional solutions for the TE 
have been found. In the classical limit, when the deformation parameter q tends to 
unity, these solutions are related to (infinite dimensional) functional solutions for 
the TE ||, H which in turn are related to solutions for the local YBE ||, p) 
- the three-dimensional counterpart of the zero-curvature condition. Using one 
of the solutions from || , Sergeev in Q obtained a family of (spectral parameter 
dependent) formal infinite dimensional solutions for the YBE and interpreted them 
as specializations of the affine universal i?-matrices. 

The purpose of this paper is to uncover the three-dimensional nature of the 
quantum groups U q (s[|\i) as well as the corresponding universal i?-matrices. First, 
we rigorously define a close (spectral parameter dependent) cousin of one of the 
solutions of as a formal power series in the spectral parameter with operator 
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coefficients acting in the space of Laurent polynomials of three indeterminates. We 
use this solution to compose a solution of the YBE as a three dimensional ana- 
logue of the transfer matrix of the size N x N x N. Then, assuming validity of a 
certain identity on q-exponentials, we identify this with the image of the centrally 
extended U q (sl|\j) (the Drinfeld double of the Borel subalgebra) modified universal 
i?-matrix under an infinite dimensional representation in the space of Laurent poly- 
nomials of N 2 indeterminates. This representation is conjectured to be faithful. A 
finite dimensional variant of such representation in the case of roots of unity first 
has been constructed by Tarasov in Restriction of this representation to the 
Borel subalgebra is known as Feigin's homomorphism H or free field representation 



20 1 . The universal i?-matrix itself is not well defined in this representation, since 
the power series expansion of the g-exponentials, which enter the structure of the 
universal i?-matrix, do not truncate. We modify the definition of the universal 
i?-matrix by introducing N — 1 fictitious spectral parameters and consider it as a 
generating function for operator coefficients of the power series expansion in these 
spectral parameters. It is this modified universal i?-matrix the image of which we 
identify with our three dimensional construction. 

We fix notation. Let q be an indeterminate, and let A = End(C(q)[t, t^ 1 ]) be the 
algebra of linear operators in the space of Laurent polynomials in one indeterminate 
with coefficients from the field C(q). By abuse of notation, we denote 

A®" ee End(C(q)[t, r 1 ]®") ee EndfCfoJk, t?, ...,t n , i" 1 ]), 

and define similarly algebras A® m ® A®" and (A® m )®«. 

Let B be any algebra. For any positive m define natural embeddings 

t,:B36Hl®...®(,8...®le B®"\ 

where element b in the r.h.s. stands on the i-th position. For a finite sequence of 
such embeddings 

g Lil ) g&mi Li 2 ) /g®rai\®n2 ^jj , . . . b J± > ( (B®™ 1 ) )® n s 

we denote by 

bi a ;...:i*:ii = H 3 :...:i 2 :h(b) = H a ° • ' ' ° H 3 ° L ii( b ) 

the image of element b £ B. In the notation for these embeddings we intentionally 
suppress any indication of the algebras involved since these will be clear in each 
concrete case from the context. 

More generally, if Bi, . . . , B; are algebras, we shall write 

bi li: ...:i lsi "■■!*!«, = L in:...:ii si ® ' ' ' ® L in : . . .:ij a , \p) 

for any b G Bi <g> ■ • ■ <g> B;. 

We shall encounter products of noncommuting elements, so to fix the order we 
shall write 

on ee a\a,2 ■ ■ ■ a n , ee a„Q; n _i ■■■a.i. 

if™ ij.? 

2. A SOLUTION FOR THE (SPECTRAL PARAMETER DEPENDENT) TETRAHEDRON 

EQUATION 

Define elements u, v G A: 

u(/(i)) EE /(qf), v(/(t)) = t/(t), V/WeCtqJMl, 
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and element F G A® 3 : 

(2.1) F(/(ti,t2,t 3 )) = f(tit 2 /t 3 ,t s ,t 2 ), Vf(h,t 2 ,t 3 ) G (CfaHt,*- 1 ])® 3 

Proposition 1. Operators u, v ; and F satisfy the following relations: 

uv = quv, F 2 = 1, 

(2.2) u 1 F=Fu 1 , u 2 F = Fuiu 3 , v 1 v 2 F=Fv 1 v 2 , v 2 F=Fv 3 , 

(2-3) Fi j2j 4Fi j 3 i 5F 2j 3 i 6F4 ! 5^6 = F4 5 5 F 2 ^3 ! 6 Fi 3 5 Fi^^. 

Proof. It is a straightforward verification. □ 



Eqn (2.3) is called the (constant) TE and the operator F defined by eqn ( |2.l| ) 
is one of the simplest examples of functional solutions to the TE see jl5], |2^, |16[ . 
Define now an invertible element B x G A® 3 [[x]] in the algebra of formal power series 
with coefficients from A 03 : 

00 

(2.4) B x = F^(xviur 1 U2U 3 r 1 v^ 1 ) = ^x fc b fc , 

fc=0 

where 

*w-c x.q)oc -2_, (q2;qV b «- F (q2;q2)fc £A - 

with the standard notation in g-mathematics 

fc-i 

(x;y)^J]( 1 - x y 1 )- 

i=0 

One can look at B x as the generating function for the infinite sequence of operators 
bfe. 

We shall use the following five-term identity satisfied by the ^-function: 

(2.5) ^(X)V(Y) = ^(Y)^(YX)V(X) 

where operators X and Y are such that XY = q 2 YX. Note that this identity is 
understood as an identity for formal power series in noncommuting quantities X 
and Y. 

Proposition 2. The following spectral parameter dependent TE in A® 6 [[x,y, z]] 
holds 

(2-6) ^1,2, 4^1^3,5^2, 3,6^4,5,6 = ^4,5,6^2, 3, 6^1^, 5^1, 2,4- 



Proof. Substituting definition (2.4) into eqn fl2.6|), one can cancel all the F-operators 



by first moving them to the left, using eqns ( (2.2j ), and then applying the TE (2.3) 
What remains is the following operator identity 

(2.7) ^(UMuw)v(VMW) = </>(vmwmvu)v>(u), 

where operator combinations 

U = xviu^ 1 u 2 u 3 " 1 v 3 _1 , V = yv 2 u 2 " 1 U3U4U 5 _1 v 5 _1 , W = zv 3 u 3 ~ 1 U5Ug 1 v f r 1 
satisfy relations 

UV = q 2 VU, VW = q 2 WV, WU = q 2 UW. 



4 R. M. KASHAEV AND A. YU. VOLKOV 

The latter relations together with the five-term identity ( |2.5| ) imply eqn ( |2.7| ) 
through the following sequence of equalities (in each step the fragment to be trans- 
formed is underlined): 

^(U)^(uw) y>(v)y>(w) = yj(u)y>(uw)y?(w) y>(wv)^(v) 

= V)(W) V>(U)V>(WV) V)(V) = ^(W)^(WV) ^(U)Vj(V) 

= y>(W)^(WV)V>(V) V>(VU)V)(U) = ^)(V)V(W)V(VU)V'(U). 

□ 

Formally, at the special value of the spectral parameter x = 1 we obtain solution 
for the constant TE. Slightly different form of this solution first has been found in 
§• 

Note another special value of the spectral parameter when we get (trivial) con- 
stant solution B x=0 = F. 

3. Solution for the Yang-Baxter equation 

Fix a positive integer N > 2 and define B x e ((A® N )® 2 <g> A)[[x]], where x = 
(xi, ■ • • ,x N ), 

(3-1) B X llBt:,,:,,, 

U? 

In the rest of the paper all indices, taking values 1, . . . , N, will be considered 
(mod N). 

Proposition 3. The following equation is satisfied in ((A® N )® 3 ® A® 3 )[[x, y]] 

/10\ RX R XT (y)£y RYN _ RYN R r (y) RXy RX 

l°- z 7 D 1,2,4 D 1,3,5 D 2,3,6 D 4,5,6 — P 4,5,6 D 2,3,6 D 1,3,5 D 1,2,4: 

where xy = (x x yi, . . . ,x N y N ) and r(x) = (x N ,xi, . . . ,x n _ 2 ,xn-i)- 



Proof. Substituting definition (|3.l| ) into the l.h.s. of eqn ( |3.2| ), we have the following 
sequence of equalities (the fragments eqn (2J3) to be applied to are underlined): 



5x Bxr(y)£y r,y N _ TT / RXi R X;Yi-l R y 4 \ rjj/ N 

D 1,2,4 D 1,3,5 D 2.3,6 D 4,5,6 ~ ' 11 V D l:i,2:!.4 D l:i,3:i,5 D 2:i,3:i,6j D 4,5,6 

Hi 

nfR X i D x <y>-1 RYi \ RXl RXlYN RYl RYN 

V P l:i,2:i,4 P l:i,3:i,5 P 2:i,3:i,6/ p l:l,2: 1,4 p l: 1,3:1,5 P 2:l, 3:1,6 P 4,5,6 

US 

J[X V I: i, 2:z,4 1:2, 3:2, 5 2:2,3:2,6/ 



V R X2 R x 2Yl RY2 RYl RYN RXlYl RXl 

x D 1:2,2:2,4 D 1:2,3:2,5 D 2:2,3:2,6 D 4,5,6 D 2:1,3:1,6 P 1:1,3:1,5 D 1:1,2: 



1,4 



— rwn TT (rs) 11 - 1 RXiYi RXi \ _ r3/n £ r (y) 5 x y £x 

— D 4,5,6 11 l P 2:i,3:i,6 D l:i,3:i,5 D l:i,2:i,4j — D 4,5,6 D 2,3,6 D 1,3,5 D 1,2,4 

U? 

thus obtaining the r.h.s. of eqn (3.2). □ 

Operator B x can be considered as a three-dimensional analogue of the mon- 
odromy operator. The operator 

(3.3) R x = Tr 3 B x e (A® N )® 2 [[x]], 

provided the trace does exist (see below), is then analogous to the transfer-matrix. 
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Corollary 1. Operator R x satisfies the following YBE 

px pxr(y) p y _ pT(y) p xypx 
^1,2^1,3 ^2,3 ~~ ^2,3 ^1,3^1,2- 

This is multi spectral parameter YBE with unusual difference property. The 
usual difference property is achieved for the combination 

n C^(( A8 T N nw]. 

Proposition 4. The following YBE is satisfied 

(3.4) R^R^R^ = 3 R*i,3 
Proof. Operator R x can be represented as 

(3.5) R x = II M W MX = II R i-M e ((A® N )® N ) ® (A® N )[[x]]. 

it? 4? 

We have 

M 1,2 M 1,3 R 2,3 = II ( R l:i,2 )R l:i ( ,3 y) ) R 2,3 

4? 



n/'p r, ( x )p' rS ( x y) N \ p T ( x ) p T ( x y)py 
I K l:i,2 K l:i,3 J K 1:1,2 K 1:1,3 K 2 



/IS 



mR T 'Wp T '( x y)\ p i " 2 ( x )p' i " 2 ( x y)p' i "(y)p' r ( x )yR' r (> 
K l:*,2 K l:j,3 J K l:2,2 K l:2,3 K 2,3 K l:l,3 K l:l 

US 



x ) 
2 



X 3~ W Mf, a . 



Using this identity together with formula (3.5), we obtain 

J (y) 

!:j',3 



R x , 2 M xy 3 M^ 3 = n M x , 2:i M^ 3 n Rg y) 



it? il? 

i x M x ypy TT p 7 

!y',3 



= n Mf,2 rf Mf, 2iN M^^N,3 n R 2 y) 



■ , N-l 



— R 2:N,3 II M l,2:i MX 2:N-l MX 3 ^R^N-l^ II ^2:^ ^l,2M 



= ii <?m? 3 n m **. - M 2,3 MxyRx 2I 

ii? it? 

which implies eqn (|3.4|): 



Rf,2R xy 3 R|, 3 = R x , 2 II ( M ^:- M L:,) = R x 2 M xy 3:1 M^ :i n (M xy 3:I M y 3:i ) 

it? 42 
= M^:iM xy 3 :1 R x , 2 M xy 3 :2 M^ 3:2 n (M xy 3:i M y 3:i ) = • • ■ 

4 3 N 

= II ( M L:,M xy J R x , 2 - R^R^R?, 

*T? 
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□ 



4. Connection with a universal .R-matrix 



We evaluate explicitly the case given by the following choice of the multi spectral 
parameter x = (xi,x 2 , . . . ,Xn-i,0). 

4.1. Calculation of the operator R x . We shall find it convenient to denote 

w = vu, w = vu _1 . 



Proposition 5. // x = (xi, . . . ,xn_i,0) ; the operator R x defined by (3.1 ) has the 
following explicit form 

(4.1) r (xi,...,xm-i,0) = G [] V'(x i W 1:l u 1:l _ 1 u 2:J w 2 - 1 _ 1 ), 
where operator G G (A® N )® 2 is defined by 

(4.2) H(f(. . . , t 1:i , . . . , t 2: j, ...))=/(... , t 1 . l t 2 :i/t 2 :i+l, . . . , tay+l, ■ ■ ■ ) 



Proof. First, note that the operator F defined in eqn ( |2.l| ) can be factorized in the 
form: 

F = S li 3P2,3Sl,3j 

where S, P s A 18 " 2 are defined by 

S(/(ti,ta)) = f(hh,t 2 ), P(f(h,t 2 )) = f(t 2 ,h). 

Operator S satisfies relations: 

Sl,2Si,3 = Si^Si^, Si ; 3S2,3 = 52,381,3, 
Sui = u x S, Svi = V!V 2 S, Su!u 2 = u 2 S, Sv 2 = v 2 S, 

and we have the following identity for the partial trace of the operator P: 

Tr 2 P = 1 A G A. 

Now we calculate 

R (x 1 ,..,x N _ 1 ,0) =Tr3S -l 3 p 2N3Si:N3 [3, 



:i,2:i,3 



■ 1 N-l 



- Tr 3 S 1: n )3 Si:N,2:N H B ?:i,2:i,2:N P 2:N,3 — Sl:N,2:N H B £i,2:i,2:N S l:N,2:h 
= Sl:N,2:N ] [ ^ l:i,2:i,2-M 



- 1 N — 1 



II II F l:fe,2:fe,2:N^( X >l:J U 2:j w 2:N) II F M.M.2* 

X V(XlWl:lU2:lW^N)S^.jli j2:N 
= Sl;N,2:N H F ; : , .j : , . 2: K S * J^J ^(x J Wl : jUl : j_lU2:jW 2 .^_ 1 ). 

■ 1 N-l ■ 1 N-l 
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Thus, we come to formula ( |4.l| ), where 

N 

U N-1 i; N-l j = l 



and it is easy to check up eqn (4.2). □ 



Using the cyclicity of the trace it is easy to generalize this result. 
Corollary 2. If x = (xi, . . . ,xn-i, 0), 

(4.3) R r '( x ) = G J| ^(xiWi-.i+jUui+j-iu^-.i+jVJ^+j^), 

■ i N — 1 

where the running indices are considered modulo N. 
In what follows we shall use the relations 

Gui : i = ui :i G, Gvi :i = vi :i v 2 :iV 2 ;J +1 G 

Gu2:i = U2:i+lUi:iU 1 . J 1 +1 G, Gv 2: i = V2 : i+lG, 

for any i = 1, . . . , N (mod N), which can be deduced from the definition of the 
operator G. 

4.2. Calculation of the operator R x . Introduce more notation: 
G (iJ) = J] G i:M:/ e ((A« N )®T 2 , 

N 

(4.4) e id =w iii+i u i:i+ i_i E[( u *:i+fc u w+*-i u iw+k+i) e ( A ® N ) 0N ' 

(4-5) fij = nK:^ +1 )u J:m w7i G (a ® N) ®n_ 

fe=l 

Proposition 6. 7/x = (xi, . . . ,xn_i, 0), operator R x ftai/e </ie following form 

(4.6) RX = II ( II ^(x*e M ®ffcj)) G, 
where G = G^n) acts as follows 

(4.7) G(/(... J *i* i) ...,t 2i j k: ,,... ))=/(..., iwy- J] I 2:m:J " .*2,fcl,...)- 

n ^2:m: j— i+1 
m=l J 
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Proof. First, calculate 

ni 

j 

= G{i+l,j)Wl:i:k+i u l:i:k+i-l ( v 2:m:fc+i v 2: m:fc+i+i ) ]^[ Gl:i,2:i 

m=l ; T i 

j 

= Wl:i:fe+iUi:i :fe+ i_i J J ( v 2:m:feV,^. fe+1 )G<j j) , 
m— 1 

and 

G(. iJ )U2:j:fe+ i W 2 ;] :A . +j; _ 1 = G ,., | J [ G | , II J: , :/ . H W 2tf : * . , , 

lit 

N 

= G (lJ-l) LJ 2:i:fc+lW 2 ;j :fe ]^[(uLn:fc+m U l^m:fc +m -l U l^m:fc +m+ l)n Gl: ^ 2: J 

N 

= u 2y:fc+lW 2:3 1 . fe Y[ ( U l:m:fc+m U l : m:fc+m-l U l:m:fc+m+l)G(ij)- 
m— z 

Now we have 

R X = J"J I G; : ,.j : , J"J 0:X;,W| : , : ;, . ,ll|:, : /, . , | llj: ,:/, . .W_,J. : . . , , i 

= II II ^(G(!: J ) X fcWl : i :fc+i Ul : i :fc+i _lU2: J :fc+iW^. fc+i _ 1 G^ 1 :( ., ) G 



n n ^(xfee fe ,i «> f k ,j) g. 



□ 



Proposition 7. Operators defined by eqns (4-4): (4-5) satisfy the following com- 
mutation relations 

(4-8) ei+l,k e »,k = q e i,fc e i+l,fc , fj+l,fcfi,fe = c\h,kh+i,k> 

e^e^ = q (1±3)/2 e,- ,e ilfc) f M f J)fc = q (1±3)/2 f i)fc fi,i, A; < I, \i - j\ = (1 T l)/2; 

(4.9) ei.fcf,,* = q : -fao,A. i = fc + i - (1 T l)/2; 
other pairs being commutative, and the quadratic constraints 

(4.10) ej.fc+ifj.fe+i = fj.jfeei.fe, k=j-i (mod N). 

Proof. It is a straightforward verification. □ 
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4.3. Realization of a Hopf algebra. Let = 2Sij — <5u_jM be the sIn Car- 
tan matrix. Following 0, consider a Hopf algebra U over C(q), generated by 
elements {K^, Lj, E^, Fi}i<j<i\i subject to the following relations 

[Ki, Kj] = [Li, Lj] = [K^ Lj] = 0, 

K,E, q a E,,K,. K,F ; q a F,K,. 

L,E, = q '' E,L,. L,F, = q" F,L,. 

[Ei,F,-] =%(l-q 2 )(Ki-Li), 

E. ( E 2 + E 2 E ( = (q + q _1 )EjEiEj if |t - j| = 1, 

F 4 F 2 + F 2 F 4 = (q + q _1 )FjFiFj if |j - j| = 1, 

[Ei, E,] = [Fi, Fj] = if |i-j|>l. 

Note that we use an unusual normalization for the generators. The coproducts are 

A(Ki) = Ki®Ki, A(U) = U®U, 

A(Ei) = Ki ® Ei + Ei <g> 1, A(Fi) = 1 ® F, + F, <g L 4 . 

Central elements Zi = K^L^ generate a Hopf subalgebra. Factorization w.r.t. re- 
lations Zi = 1, £ = 1, . . . , N — 1 gives the quantized universal enveloping algebra 
U q (s[|\i). We construct a representation of the algebra U in C(q)[i, i _1 ]® N , where 
Zi ± 1. 

Theorem 1. TTie following mapping of the generating elements: 
N N 

(4.11) Ej h-» y^ejj, Fj i-> y",fj,j, Ki i-f eijfi,!, U i->- fj^e^N 

extends to an algebra homomorphism n:U — > A® N 

Proof. It is a straightforward checking of the defining relations of the algebra W by 
using relations (O)-(EtS) . □ 



Conjecture 1. The homomorphism k defined by eqns ( 4.11 ) is faithful. 

According to the results of Q , the restriction of our homomorphism is a particular 
case of Feigin's homomorphism, and it is faithful. 

4.4. The universal i?-matrix. Certain completion U of the algebra U is the 
Drinfeld double of its' Hopf subalgebra, so it admits a universal R- matrix ||. To 
describe the latter define the g-analogues of root vectors {E^, Fij}i<i<j<N'- 

Ei,i-fl = E^ , Fi 5 i_)_i = F ? ; , 

c _ EjEjj — qEj^Ej FjFjj — qFjjFj 

tij + l = — "a , = > 1 < J- 

and Cartan elements and through the equations 

K, q H . L, q fi . 
The universal i?-matrix then has the form [|lj : 
(4.12) K=I] II V^(E y ®F„)q T , 
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where 



N-l 

T = 2_. ^ijHi ® Hj 

ij = l 



with aij being the inverse 5 In Cartan matrix. Element ( 4.12 ) makes sense only for 
highest weight finite dimensional representations of the algebra U. The representa- 
tion defined by eqns (4.11) is neither finite dimensional nor highest weight, so the 
universal i?-matrix in the form ( 4.12| ) is not well defined object. Nevertheless, there 
is a slight modification of the definition, when the image of the universal i?-matrix 
makes sense in the K-representation. This modification follows. 

Let /9 X , where x = (xi, . . . ,xn_i,0), be the automorphism of IA defined on the 
generators by the formulas: 



Kf i ► K^, Li i > Li, E.i i > x^E^, Fj i > 



Note that this automorphism is inner one. Indeed, we have 



X 7 



N-l 



Denote 
(4.13) 



1Z X = (p x ®id)(7^). 



This element satisfies the multi spectral parameter dependent YBE. But the spec- 
tral parameters here are fictitious, since they can be removed by a similarity trans- 
formation. Their role is auxiliary: we can look at 7£ x as a generating function for 
the coefficients of the power series expansion in xi, . . . , xn-i- 



Conjecture 2. The following identity holds true 



(4.14) 



n n ^( x ^k,i ® h,j) = yi yi ^(Xi.j-wCEij) ® K(Fi,j)), 



■ I N-l „' I N 



where 



X 



j'-i 

= Y\. Xk ' 

k—i 



We have verified this identity for few small N. 



Theorem 2. Assume that formula (4-14) * s true. Then formula ki&^IZ* 
holds as a formal power series equality. 



R x 



Proof. Equating formula ( |4.6| ) to ( 4.13 ) with substitutions ( 4.11 ), and using the 
fact that G = q T , we arrive at eqn (1.14). □ 
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